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Abstract

The transient thermoelastic response of a thin composite plate composed of a dominant matrix and an insert is investigated. The pla
heated by exposing the matrix to a heating source in the form of a step function. The hyperbolic heat conduction model is used to
the thermal behavior of the plate, which is assumed to be lumped in the transverse direction. The dominant temperature of the ma
to evaluate the thermal stresses. The effects of the heating source intensity and time duration, the insert volume fraction and the
coefficients on the temperatures and thermal stresses are investigated and presented. The thermal stresses generated within the p
to be compressive, follow the behavior of the temperature, and largely affected by the heating source intensity and duration.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

Composite structures operate in a variety of thermal e
ronments and can be exposed to severe thermal loading
might have a pronounced impact on the performance
strength of such structures. The response of composite s
tures to thermal loading is related to the differences in th
mal and mechanical properties of the different constitue
in addition to the nature of the heating process itself.

For situations involving energy sources such as la
and microwave with extremely short duration or very h
frequency and very high temperature gradients, heat is fo
to propagate at a finite speed. To account for the phenom
involving the finite propagation velocity of the thermal wav
the classical Fourier heat flux model should be modifi
Catteneo [1] and Vernotte [2] suggested independent
modified heat flux model that takes into account the ph
lag in the heat flux.

In the literature, most of the works that investiga
the subject of thermal stresses in thin plates assumed
validity of the parabolic diffusion heat conduction model
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order to describe the thermal behavior of the plate suc
Boley and Weiner [3] and Nowacki [4]. A major qualitativ
and quantitative change in the behavior of thermal stre
will appear as a result of taking into account the lagg
behavior using the hyperbolic and the dual-phase-lag
conduction model. Tzou [5] addressed the subject of lagg
behavior of heat transport in both rigid and deforma
bodies. Suh and Burger [6] and Al-Huniti and Al-Nim
[7] assumed the validity of the hyperbolic heat conduct
model to investigate the thermal stresses within thin pl
exposed to a fast heating rate. Al-Nimr and Al-Huniti [
investigated the transient thermal stresses generated wi
thin homogeneous plate as a result of a fast rate of hea
rate using dual-phase-lag heat conduction model.

The present work aims to investigate the transient t
moelastic response of a thin composite plate. The hyperb
heat conduction model is used to determine the therma
havior of the plate. The material of the plate is a compo
consisting of two domains; a dominant matrix (domain
and an insert (domain 2). The thermal behavior is assu
to be lumped in the transverse direction. The effects of
ferent parameters such as the heating source intensity,
tion, insert volume fraction, and convection coefficients
the thermoelastic behavior are investigated
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Nomenclature

a plate side length
Bi Biot number
c specific heat
D plate bending rigidity
E,F dimensionless convection coefficients
u unit step function
û heat source (per unit volume)
Uo dimensionless heat source
U∗

o amplitude of the dimensionless heat source
h volumetric convection heat transfer coefficient
k thermal conductivity
2L plate thickness
MT thermal moment
�q heat flux vector
s Laplace variable
S dimensionless stress
T temperature
T∞ plate initial temperature
t time

V volume
w transverse deflection of the plate
W Laplace transformation of the dimensionless

temperature

Greek symbols

α coefficient of thermal expansion
ε volume fraction of the insert (material 2)
η dimensionless time
ηo dimensionless pulse duration
γ thermal diffusivity
µ Young’s modulus
ν Poisson’s ratio
ρ mass density
σx,σy normal stress in thex andy direction,

respectively
τ̄ relaxation time
θ dimensionless temperature
ζ dimensionless transverse coordinate
ma-
trix
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2. Formulation of the heat equations

The plate under consideration is shown in Fig. 1. The
terial of the plate consists of two different materials, a ma
(domain 1) and an insert (domain 2), as shown in Fig. 2.
governing heat equation in each domain is given by

(1− ε)ρ1c1
∂T1

∂t

= −(1− ε) �∇ · �q1 + (1− ε)û1 + h(T2 − T1) (1)

ερ2c2
∂T2

∂t
= −ε �∇ · �q2 + εû2 + h(T1 − T2) (2)

whereε is the insert (material 2) volume fraction, given
ε = V1/(V1 + V2), ρ is the mass density,c is the specific
heat,h is the volumetric convection heat transfer coefficien
�q is the heat flux vector,T is the temperature,t is the time
variable,û is the heat source (per unit volume) and the s
scripts 1 and 2 refer to domain 1 (matrix) and domain 2
sert), respectively. Applying the hyperbolic heat conduct
model to each domain results in

�q1 + τ̄1
∂ �q1

∂t
= −k1 �∇T1 (3)

Fig. 1. The geometry of the plate under consideration.
�q2 + τ̄2
∂ �q2

∂t
= −k2 �∇T2 (4)

whereτ̄ is the relaxation time (phase-lag in the heat flux) a
k is the thermal conductivity. Eliminating�q1 and�q2 between
Eqs. (1), (2) and (3), (4), considering heating only in dom
1 (û2 = 0) and assuming lumped behavior in thez-direction
yields the governing equations

τ̄1ρ1c1
∂2T1

∂t2 + ρ1c1
∂T1

∂t
+ τ̄1h

1− ε

(
∂T1

∂t
− ∂T2

∂t

)

= û1 + h

1− ε
(T2 − T1) + τ̄1

∂uo1

∂t
(5)

τ̄2ρ2c2
∂2T2

∂t2 + ρ2c2
∂T2

∂t
+ τ̄2h

ε

(
∂T2

∂t
− ∂T1

∂t

)

= h

ε
(T1 − T2) (6)

It is worth mentioning here that the lumped behavior in
transverse direction is adoptedbecause the plate is very thi
the heating source under consideration is uniform spati
and the plate is insulated from both sides. This implies

Fig. 2. A view of a section of the plate showing the material compositi
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Bi (Biot number) is zero and therefore, thermally lumped
havior is assumed.

Introducing the following dimensionless parameters:

θ = T − T∞
T∞

, η = γ1t

L2 , τ = γ1τ̄

L2

whereT∞ is the ambient temperature (which is the sa
as the initial temperature of the plate),γ is the thermal
diffusivity andL is half-thickness of the plate (Fig. 2). Usin
the dimensionless parameters, Eqs. (5), (6) become

τ1
∂2θ1

∂η2 + ∂θ1

∂η
+ τ1E

(
∂θ1

∂η
− ∂θ2

∂η

)

= Uo + E(θ2 − θ1) + τ1
∂Uo

∂η
(7)

τ2
∂2θ2

∂η2
+ ∂θ2

∂η
+ τ2F

(
∂θ2

∂η
− ∂θ1

∂η

)
= F(θ1 − θ2) (8)

Where in the above equations

Uo = û1L
2

k1T∞
, E = hL2

(1− ε)k1
, and F = hL2ρ1c1

ερ2c2k1

Initial conditions:

θ1(0) = θ2(0) = 0 (9)

Using Laplace transformation technique with the notat
�{ } denoting the Laplace transform of{ }, we define the
following

W1(s) = �
{
θ1(η)

}
W2(s) = �

{
θ2(η)

} (10)

Transforming Eqs. (7) and (8) results in

τ1s
2W1 + sW1 + τ1Es(W1 − W2)

= �{Uo} + E(W2 − W1)

+ τ1
[
s�{Uo} − Uo(η = 0)

]
(11)

τ2s
2W2 + sW2 + τ2Fs(W2 − W1) = F(W1 − W2) (12)

Note that Eq. (12) can be written as

W2 = βW1 (13)

where

β = F + τ2Fs

τ2s2 + s + τ2Fs + F
(14)

Substitute Eq. (13) into Eq. (11) results in

W1 = (1+ τ1s)�{Uo} − τ1Uo(η = 0)

τ1s2 + s + τ1Es − τ1Esβ − Eβ + E
(15)

Now considering the case with a step function heat sou
as shown in Fig. 3, in the form

Uo(η) = U∗
o

[
1− u(η − ηo)

]
(16)

whereU∗
o is the amplitude of the heat source,u is the unit

step function andηo is the duration. Based on this,

�{Uo} = U∗
o

(
1− e−ηos

)
(17)
s

Fig. 3. The dimensionless heat source.

Therefore, Eq. (15) becomes

W1 = U∗
o [1− (1+ τ1s)e

−ηos]
s(τ1s2 + s + τ1Es − τ1Esβ − Eβ + E)

(18)

Solution of the heat equations

The dimensionless temperature variations in the t
domain are calculated using the Laplace inversion techni
Equations (18) and (13) are to be inverted and henceθ1
and θ2 determined. A numerical procedure based on
Riemann-sum approximation is used. In this method,
function in thes-domain,f̄ (s, ζ ), can be inverted into th
time domainf (η, ζ ) as:

f (η, ζ ) = eεη

η

(
1

2
f̄ (s, ζ ) + Re

N∑
n=1

f̄

(
δ + inπ

η
, ζ

)
(−1)n

)

(19)

where,Re is the “real part of” andi is the complex numbe√−1. For faster convergence, numerical experiments h
shown that the value ofδ satisfying the relation(δη ≈ 4.7)

gives the most satisfactory results [5].

3. Formulation of the thermal stress equations

The plate shown in Fig. 1 is composed of one compo
layer. The matrix (domain 1) is being heated by a heat sour
of the form given in Eq. (16). In the analysis to follo
the temperature of the plate will be taken as that of
matrix, which is the dominant temperature. This is due to
fact that the matrix is the dominant domain(ε � 0.2). This
assumption is also more conservative from a stress poi
view since the temperature gradients in the matrix are hig
than those in the insert.

In the present analysis it is assumed that the plat
thin and that the classical plate theory applies. Theref
transverse shear deformationsand in-plane deflections ar
neglected and plane stress conditions apply. It is also
sumed that the materials under consideration are hom
neous, isotropic, and linear elastic. Based on this, the no
stresses are given by
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σx = µz

1− ν2

(
∂2w

∂x2
+ ν

∂2w

∂y2

)
− µα

1− ν
(T1 − T∞)

σy = µz

1− ν2

(
∂2w

∂y2
+ ν

∂2w

∂x2

)
− µα

1− ν
(T1 − T∞) (20)

Wherew is the transverse deflection of the mid-plane of
plate,µ is Young’s modulus,ν is Poisson’s ratio andα is the
coefficient of thermal expansion.

The equation of motion of the plate as a result of a tim
dependent temperature field is given by [10]

D∇4w + ρ(2L)
∂2w

∂t2 = −∇2MT

1− ν
(21)

whereD is the bending rigidity of the plate, given byD =
µ(2L)3/[12(1− ν2)]. MT is the thermal moment defined

MT = αµ

L∫
−L

(T1 − T∞)zdz (22)

In the present analysis, we consider a simply-suppo
square plate of side lengtha. The boundary conditions fo
this case are given as [3]

w(0, y, t) = w(a,y, t) = 0

w(x,0, t) = w(x,a, t) = 0

∂2w(0, y, t)

∂x2
+ MT

D(1 − ν)

= ∂2w(a,y, t)

∂x2 + MT

D(1− ν)
= 0

∂2w(x,0, t)

∂y2 + MT

D(1 − ν)

= ∂2w(x,a, t)

∂y2 + MT

D(1− ν)
= 0 (23)

The initial conditions are

w(x,y,0) = ∂w

∂t
(x, y,0) = 0 (24)

where it is assumed that the plate was at rest in the refer
position just before the application of the heat source.

Since in the present work we are dealing with a lump
behavior in thez-direction, then(T1 − T∞) is independen
of z. Therefore, the thermal moment, Eq. (22), becom
zero. Looking back at Eqs. (20)–(24), it can be conclu
that the main contribution to the thermal stresses come f
the last terms in Eq. (20) which becomes

σx = σy = − µα

1− ν
(T1 − T∞) (25)

Defining a dimensionless stress as

S = (1− ν)

µαT∞
σx = (1− ν)

µαT∞
σy

Eq. (25) becomes

S = −θ1 (26)
e

Therefore, the dimensionless thermal stress is compressi
and has the same behavior as that of the dimension
temperature.

Note that in the above equationsµ, ν, α andρ are the
“equivalent” properties of the composite material. In t
present work, both the matrix (domain 1) and the ins
(domain 2) are made each of a homogeneous, isotr
material. Therefore, the equivalent properties used are fo
as follows, wherep refers to the property (µ, ν, α or ρ), [9]

p = (1− ε)p1 + εp2 (27)

4. Results and discussion

The materials used for the two layers are Copper (Cu
the matrix (domain 1) and Lead (Pb) for the insert (dom
2). The properties of the two materials are given in Table

Figs. 4 and 5 show the transient temperature distribu
in both domains of the composite plate at different dim
sionless intensities of the heating source. As predicted, t
is a sharp increase in the matrix temperature within wh
the heating source evolves its energy. This sharp increas
curs during the duration of the heating source which rem
active fromη = 0 toηo = 0.1. After that there is a slight de
crease in the matrix temperature because it looses part
gained energy to the insert which does not contain a ge
ating heating source. The temperature of the matrix att
its maximum value at the end of the heating process w
the heating source evolves all of its energy and this oc
atη = ηo as clear in Fig. 4. In contrary to the sharp incre
in the matrix temperature, the temperature of the inser
creases gradually until it reaches an asymptotic steady sta
value as shown in Fig. 5. This isbecause the insert gains t
energy of the heating source indirectly through the ma
and so it takes time to feel the heating process. Also, in c
trary to the slight decrease in the matrix temperature du
the energy lost from it, there is a significant increase in
temperature of the insert which gains the same amoun
energy. This is attributed to the small volume fraction of
insert(ε = 0.1) which implies that small amount of gaine
energy is able to cause significant increase in the light
main. It is also clear from Figs. 4 and 5 that the temperat
of both domains are linearly proportional to the intensity

Table 1
Properties of the two materials used in the calculations

Property Copper (Cu) Lead (Pb)

k [W·m−1·K−1] 386 35
C [J·kg−1·K−1] 385 129
τ̄ [sec] 0.4348(10−12) 0.1670(10−12)

γ [m2·sec−1] 1.1283(10−4) 0.2301(10−4)

α [1·K−1] 1.76(10−5) 2.89(10−5)

µ [N·m−2] 119.0(109) 16.0(109)

ν 0.33 0.44
ρ [kg·m−3] 8960 11360
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Fig. 4. Variations of the dimensionless temperature in the matrix w
dimensionless time for different values ofU∗

o (ε = 0.1, ηo = 0.1,
E = 0.0028785,F = 0.06098).

Fig. 5. Variations of the dimensionless temperature in the insert with dim
sionless time for different values ofU∗

o (ε = 0.1,ηo = 0.1,E = 0.0028785,
F = 0.06098).

the heating source at steady state conditions. This is bec
the thin slab is perfectly thermally insulated from both sid
and all of the evolved energy will be stored as a sensible
within the slab and will raise the slab temperature in a lin
manner.

Figs. 6 and 7 show the effect of the heating sou
duration on the transient thermal response of both dom
As the duration of the unit-step heating sourceηo decreases
the rise in the matrix temperature becomes sharper an
temperature level decreases. This decrease in tempe
level is attributed to the decrease in the total amoun
energy evolved from the heating source as a result of
decrease in its duration. The same observation is tru
the case of the insert as clear from Fig. 7. In the ste
state limit, a linear proportionality is observed between
e

.

e

Fig. 6. Variations of the dimensionless temperature in the matrix w
dimensionless time for different values ofηo (ε = 0.1, U∗

o = 4,
E = 0.0028785,F = 0.06098).

Fig. 7. Variations of the dimensionless temperature in the insert with dim
sionless time for different values ofηo (ε = 0.1, U∗

o = 4, E = 0.0028785,
F = 0.06098).

temperature of both domains and the duration of the hea
source. Again, this is due to the fact that the total amoun
energy evolved within the slab is linearly proportional toηo

and it is given asηoU
∗
o . The same observation regarding t

slight decrease in the matrix temperature and the signifi
increase in insert temperature appears also in Figs. 6 a
and this is discussed earlier.

Figs. 8 and 9 show the effect of the volume fraction on
transient thermal response of both domains. Increasing
volume fraction of the insert causes a significant reductio
the matrix temperature. As mentioned previously, the in
does not contain any heating source and it gains its en
from the matrix. The total thermal capacity of the ins
increases as its volume fraction increases and as a resu
more energy is lost from the matrix to the insert. On the ot
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Fig. 8. Variations of the dimensionless temperature in the matrix w
dimensionless time for different values ofε (U∗

o = 4, ηo = 0.1,
E = 0.0028785,F = 0.06098).

Fig. 9. Variations of the dimensionless temperature in the insert with dim
sionless time for different values ofε (U∗

o = 4, ηo = 0.1, E = 0.0028785,
F = 0.06098).

hand, the energy gained by the insert is not able to cau
significant increase in its temperature due to the increas
its total thermal capacity.

Figs. 10 and 11 show the effect of the dimensionless
rametersE andF on the transient response of both doma
The parametersE andF represent a sort of dimensionle
convective heat transfer coefficient. Increasing these two pa
rameters improves the heat transfer from the matrix to
insert and as a result the deviation between both temp
tures decreases. This is obvious from the predictions o
two figures and may be concluded from the governing eq
tions as well.

Figs. 12–14 show the transient variations of the dim
sionless thermal stress within the plate with dimension
time for the same parameters used in the temperature v
-

-

Fig. 10. Variations of the dimensionless temperatures with dimensionle
time for different values ofE (ε = 0.1, U∗

o = 4, ηo = 0.1, F = 0.06098).

Fig. 11. Variations of the dimensionless temperatures with dimensionle
time for different values ofF (ε = 0.1, U∗

o = 4, ηo = 0.1,E = 0.0028785).

tions and shown previously by Figs. 4–9. Three main fac
discussed earlier explain the general behavior in these
ures. First, the assumption that the dominant temperatu
the plate is taken as that of the matrix. Second, as show
Eq. (26), the thermal stress in the plate is compressive
nally, and also as shown by Eq. (26), the (compressive) t
mal stress behavior is the same as that of the dimensio
temperature of the matrix. Therefore, Figs. 12–14 repre
the negative image of Figs. 4, 6, and 8. Based on this,
previous discussion regarding the temperature of the m
explains the behavior of the thermal stress in Figs. 12–1

In Fig. 12, it can be concluded that increasing
intensity of the heating source increases the compres
thermal stress and brings the situation closer to a fai
possibility. Same situation arises in Fig. 13 with the incre
of the unit step heating source duration. Although the ef
of the insert volume fraction is seen to be less pronoun
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Fig. 12. Variations of the dimensionless stress with dimensionless tim
different values ofU∗

o (ε = 0.1, ηo = 0.1, E = 0.0028785,F = 0.06098).

Fig. 13. Variations of the dimensionless stress with dimensionless tim
different values ofηo (ε = 0.1, U∗

o = 4, E = 0.0028785,F = 0.06098).

on the thermal stress (Fig. 14), it is clear however thatε
increases, the compressive thermal stress decreases sin
volume of the matrix (within which heat is being generat
decreases and so is its effect as well.

5. Concluding remarks

In this work, the transient thermal behavior and
thermal stresses generated within a thin composite plate ar
determined. The plate is composed of a dominant ma
(domain 1) and an insert (domain 2). Heat is generated in
the matrix by a heating source in the form of step funct
while the insert has no heat generation. The hyperbolic
conduction model is used to determine the thermal beha
of the plate in the form of the temperature variations in b
domains. The thermal behavior is assumed to be lumpe
he

Fig. 14. Variations of the dimensionless stress with dimensionless tim
different values ofε (U∗

o = 4, ηo = 0.1, E = 0.0028785,F = 0.06098).

the transverse direction. In fact, and due to the nature o
heating source, we are considering all the plate to be lum
spatially in all directions. The only variation in temperatu
is due to transient effects.

The temperature of the matrix is the dominant a
this temperature is used to evaluate the thermal stre
generated within the plate. The effects of the heating so
intensity and time duration, the insert volume fraction a
the convection coefficients on the temperatures and the
stresses are investigated and presented.

It is found that the resulting thermal stresses are c
pressive and follow the behavior of the temperature. The
fects of increasing the heating source intensity and time
ration are found to have a pronounced effect on the the
stresses.
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