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Abstract

The transient thermoelastic response of a thin composite plate cethpbs dominant matrix and an insert is investigated. The plate is
heated by exposing the matrix to a heating source in the form of a step function. The hyperbolic heat conduction model is used to determine
the thermal behavior of the plate, which is assumed to be lumped in the transverse direction. The dominant temperature of the matrix is usec
to evaluate the thermal stresses. The effects of the heating source intensity and time duration, the insert volume fraction and the convectior
coefficients on the temperatures and thermal stresses are investigated and presented. The thermal stresses generated within the plate are fo
to be compressive, follow the behavior of the temperature, and largely affected by the heating source intensity and duration.

0 2004 Elsevier SAS. All rights reserved.

Keywords: Thermal behavior; Stresses; Composite plate; Hyperbolic model; Lumped

1. Introduction order to describe the thermal behavior of the plate such as
Boley and Weiner [3] and Nowacki [4]. A major qualitative

Composite structures operate in a variety of thermal envi- o : :
. .and quantitative change in the behavior of thermal stresses
ronments and can be exposed to severe thermal loading. This

might have a pronounced impact on the performance andWiII appear as a result of ta_king Into account the lagging
strength of such structures. The response of composite strucPehavior using the hyperbolic and the dual-phase-lag heat
tures to thermal loading is related to the differences in ther- condu_ctlon model. Tzou [3] a_ddressed_ the subject of lagging
mal and mechanical properties of the different constituents, PENavior of heat transport in both rigid and deformable
in addition to the nature of the heating process itself. bodies. Suh and Burger [6] and Al-Huniti and Al-Nimr
For situations involving energy sources such as laser [7] @ssumed the validity of the hyperbolic heat conduction
and microwave with extremely short duration or very high model to investigate the thermal stresses within thin plates
frequency and very high temperature gradients, heat is foundexposed to a fast heating rate. Al-Nimr and Al-Huniti [8]
to propagate ata f|n|te Speed_ To account for the phenomenénvestigated the transient thermal stresses generated within a
involving the finite propagation velocity of the thermal wave, thin homogeneous plate as a result of a fast rate of heating
the classical Fourier heat flux model should be modified. rate using dual-phase-lag heat conduction model.
Catteneo [1] and Vernotte [2] suggested independently a  The present work aims to investigate the transient ther-
modified heat flux model that takes into account the phase moelastic response of a thin composite plate. The hyperbolic
lag in the heat flux. heat conduction model is used to determine the thermal be-
In the literature, most of the works that investigated havior of the plate. The material of the plate is a composite
the subject of thermal stresses in thin plates assumed theconsisting of two domains; a dominant matrix (domain 1)
validity of the parabolic diffusion heat conduction model in and an insert (domain 2). The thermal behavior is assumed
to be lumped in the transverse direction. The effects of dif-
— . ferent parameters such as the heating source intensity, dura-
Corresponding author. . . . . ..
E-mail addresses: alhuniti@ju.edu.jo (N.S. Al-Huniti), tion, insert volume fraction, and convection coefficients on
malnimr@just.edu.jo (M.A. Al-Nimr). the thermoelastic behavior are investigated
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Nomenclature
a plate side length % volume
Bi Biot number w transverse deflection of the plate
c specific heat w Laplace transformation of the dimensionless
D plate bending rigidity temperature
E,F d|men3|onles§ convection coefficients Greek symbols
u unit step function
i heat source (per unit volume) o coefficient of thermal expansion
U, dimensionless heat source e volume fraction of the insert (material 2)
x amplitude of the dimensionless heat source n dimensionless time
h volumetric convection &at transfer coefficient Mo dimensionless pulse duration
k thermal conductivity 14 thermal diffusivity
2L plate thickness % Young's modulus
Myt thermal moment v Poisson’s ratio
q heat flux vector 0 mass density
s Laplace variable ox,0, hormal stress in the andy direction,
S dimensionless stress respectively
T temperature T relaxation time
Too plate initial temperature 0 dimensionless temperature
t time ¢ dimensionless transverse coordinate
2. Formulation of the heat equations Go+ 52% = kYT, (4)

The plate under consideration is shown in Fig. 1. The ma- wheret is the relaxation time (phase-lag in the heat flux) and
terial of the plate consists of two different materials, a matrix & is the thermal conductivity. Eliminatingg andg» between
(domain 1) and an insert (domain 2), as shown in Fig. 2. The Egs. (1), (2) and (3), (4), considering heating only in domain

governing heat equation in each domain is given by 1 (2 = 0) and assuming lumped behavior in théirection
T yields the governing equations
1
1-e)prc1— 2 -
Jat : 0T n 0Ty n Tith (0Thw 071>
> o N 11— c1— -_—
=—(1-2&)V-G1+ A —e)i1+h(Tz— T1) (1) WA T T e o o
JaT» - . h d
Ep2c2— = = —&V - Go+ il + h(T1 — T2) (2) =1+ T T-T+% g;’l (5)
— &
wheree is the insert (material 2) volume fraction, given by 92T 0T, Toh (0T» 0T
e =V1/(V1+ V2), p is the mass density; is the specific ~ T202¢2— 5 + p2c2—= + 7(@ - W)

heat,h is the volumetric convectimheat transfer coefficient, h

g is the heat flux vector] is the temperature, is the time =—(Th—T1T7) (6)
variable i is the heat source (per unit volume) and the sub- €

scripts 1 and 2 refer to domain 1 (matrix) and domain 2 (in- It is worth mentioning here that the lumped behavior in the
sert), respectively. Applying the hyperbolic heat conduction transverse direction is adoptbdcause the plate is very thin,

model to each domain results in the heating source under consideration is uniform spatially,
97 and the plate is insulated from both sides. This implies that
L - 0q1 >
g1+ 71— =—-kVT )
at 7z
A Material 1 M aterial 2

. ’ N /
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Fig. 1. The geometry of the plate under consideration. Fig. 2. A view of a section of the plate showing the material composition.
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Bi (Biot number) is zero and therefore, thermally lumped be-
havior is assumed.
Introducing the following dimensionless parameters:

T, 0 "t L2
where Ty, is the ambient temperature (which is the same
as the initial temperature of the plate), is the thermal
diffusivity and L is half-thickness of the plate (Fig. 2). Using
the dimensionless parameters, Egs. (5), (6) become

8201 90 90, 96
t1—1+—1 T E o9
% an an  an
au,
=U,+ E2—61) + rla—n“ (7)

2——F _— T
2 + + on on

320, 002 90, 961
o F
87]2 an

=F(01—62) (8)
Where in the above equations
i1 L2 L? L?
okt R g P TP
k1Teo 1-98)k gp2c2ky
Initial conditions:
01(0) =602(0) =0 )

Using Laplace transformation technique with the notation
¢{} denoting the Laplace transform f, we define the
following

Wi(s) = £{61(m)}

Wa(s) = £{62(n)}
Transforming Egs. (7) and (8) results in

(10)

115° W1+ sW1 + 1 Es(W1 — Wa)
=Uo} + E(W2 — W)

+ 11[s{U,} — Uo(n = 0)] (11)
T232W2 +sWo+ 1oFs(Wo — Wp) = F(W1 — W) (12)
Note that Eq. (12) can be written as
W2 =pW1 (13)
where

F 4+ wFs
- 52+ s+Fs+ F
Substitute Eq. (13) into Eq. (11) results in
1+ rs)l{Uo} — 1alUs(n = 0)
1= 1152 4+5+11Es —T1Esp—EB+ E

(14)

(15)

AU

0 7 >

Fig. 3. The dimensionless heat source.

Therefore, Eq. (15) becomes

Wi = U[1— 1+ t1s)e %]
L (2 + s+ t1Es — iEsp — EB + E)

(18)

Solution of the heat equations

The dimensionless temperature variations in the time
domain are calculated using the Laplace inversion technique.
Equations (18) and (13) are to be inverted and heé#ice,
and 6, determined. A numerical procedure based on the
Riemann-sum approximation is used. In this method, any
function in thes-domain, f (s, ¢), can be inverted into the
time domainf (n, ¢) as:

et

1. N .
fo.0)="" <§f(s, ) +Red. f(5 - % c)(—l)")
n=1
(19)

where,Re is the “real part of” and is the complex number
/—1. For faster convergence, numerical experiments have
shown that the value of satisfying the relationién ~ 4.7)
gives the most satisfactory results [5].

3. Formulation of the thermal stress equations

The plate shown in Fig. 1 is composed of one composite
layer. The matrix (domain 1¥ibeing heated by a heat source
of the form given in Eq. (16). In the analysis to follow,
the temperature of the plate will be taken as that of the
matrix, which is the dominant temperature. This is due to the
fact that the matrix is the dominant domain< 0.2). This
assumption is also more conservative from a stress point of
view since the temperature gradients in the matrix are higher

Now considering the case with a step function heat source,than those in the insert.

as shown in Fig. 3, in the form
Uo(n) = Uy [1—u(y —no)] (16)

whereU; is the amplitude of the heat sourcejs the unit
step function and, is the duration. Based on this,
*

Hu,) = % (1— e M%) 17)

In the present analysis it is assumed that the plate is
thin and that the classical plate theory applies. Therefore,
transverse shear deformatioasd in-plane deflections are
neglected and plane stress conditions apply. It is also as-
sumed that the materials under consideration are homoge-
neous, isotropic, and linear elastic. Based on this, the normal
stresses are given by
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oy = Hz (32_w + vaz_w> _ ke (T1 — Tso) Therefore, the dimensionledsermal stress is compressive
1-v2\ 8x2 dy? 1-v and has the same behavior as that of the dimensionless
nz (02w 92w e temperature.
V=12 (W Uﬁ) —1-, 1 Tx) (20) Note that in the above equatiops v, « and p are the

_ ) _ “equivalent” properties of the composite material. In the
Wherew is the transverse deflection of the mid-plane of the present work, both the matrix (domain 1) and the insert

plate,u is Young's modulusy is Poisson's ratio and isthe  (domain 2) are made each of a homogeneous, isotropic

coefficient of thermal expansion. material. Therefore, the equivalent properties used are found
The equation of motion of the plate as a result of a time- 5 follows, where refers to the property, v, « or p), [9]
dependent temperature field is given by [10]
52 w2 p=0—-¢e)pr1+ep2 (27)
w T
DV* 2L)— = — 21
w+p (L)~ ) (21)
where D is the bending rigidity of the plate, given iy = 4. Resultsand discussion
w(2L)3/[12(1 — v3)]. My is the thermal moment defined as
L The materials used for the two layers are Copper (Cu) for

_ the matrix (domain 1) and Lead (Pb) for the insert (domain
Mr =ap /(Tl ~ Tw)zdz (22) 2). The properties of the two materials are given in Table 1.
-L Figs. 4 and 5 show the transient temperature distribution
In the present analysis, we consider a simply-supportedin both domains of the composite plate at different dimen-
square plate of side length The boundary conditions for  sionless intensities of the heating source. As predicted, there

this case are given as [3] is a sharp increase in the matrix temperature within which
the heating source evolves its energy. This sharp increase oc-

w(0,y,1) =w(a,y,1)=0 curs during the duration of the heating source which remains

w(x,0,t) = w(x,a,t)=0 active fromn = 0 ton, = 0.1. After that there is a slight de-

crease in the matrix temperature because it looses part of its
gained energy to the insert which does not contain a gener-
ating heating source. The temperature of the matrix attains

32w (0, y,1) L M1
dx2 D(1-v)

_ %w(a,y, 1) Mr 0 its maximum value at the end of the heating process when
B ax2 D1—-v) the heating source evolves all of its energy and this occurs
92w (x, 0, 1) My _at n=1, as clear in Fig. 4. In contrary to the sharp increa_se
3y2 DA—1) in the matrix tempera_tu_re, the temperature .of the insert in-
) creases gradually until it reael an asymptotic steady state
_wx,a,1) Mr_ _, (23)  Vvalueasshownin Fig. 5. This ecause the insert gains the
dy? D(1—v) energy of the heating source indirectly through the matrix

and so it takes time to feel the heating process. Also, in con-
S trary to the slight decrease in the matrix temperature due to
wx,y,00=—(,y,00=0 (24) the energy lost from it, there is a significant increase in the
ot temperature of the insert which gains the same amount of
where it is assumed that the plate was at rest in the referencenergy. This is attributed to the small volume fraction of the
position just before the application of the heat source. insert (¢ = 0.1) which implies that small amount of gained
Since in the present work we are dealing with a lumped energy is able to cause significant increase in the light do-
behavior in thez-direction, then(7h — T) is independent  main. Itis also clear from Figs. 4 and 5 that the temperatures
of z. Therefore, the thermal moment, Eq. (22), becomes of both domains are linearly proportional to the intensity of
zero. Looking back at Egs. (20)—(24), it can be concluded
that the main contribution to the thermal stresses come from, 1

The initial conditions are

the last terms in Eq. (20) which becomes Properties of the two materials used in the calculations
no Prope Copper (C Lead (Pb
0y =0y =— (T1 — Too) (25) perty pper (Cu) (Pb)
1—v kw-mlk-] 386 35
Defining a dimensionless stress as C [kg~tK] e 129
7 [sec] 0.434810712) 0.1670(10~12)
1-v) 1-v) y [m2:sec’]] 1.1283(10~% 0.2301(10~%
S= oy = oy k-1 -5 5
1o Too 1o Too o [1-K1] 1.76 (1079) 2.89(1079)
wN-m—24] 119.0(109) 16.0(10%)
Eq. (25) becomes v 0.33 0.44
o [kg-m™3] 8960 11360

S=—6 (26)
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Fig. 4. Variations of the dimensionless temperature in the matrix with Fig. 6. Variations of the dimensionless temperature in the matrix with

dimensionless time for different values dfy (¢ = 0.1, n, = 0.1, dimensionless time for different values of, (¢ = 0.1, U} = 4,
E =0.0028785,F = 0.06098). E =0.0028785,F = 0.06098).
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Fig. 5. Variations of the dimensionless temperature in the insert with dimen- Fig. 7. Variations of the dimensionless temperature in the insert with dimen-
sionless time for different values off (¢ =0.1,n, = 0.1, E = 0.0028785, sionless time for different values af, (¢ = 0.1, U =4, E = 0.0028785,
F =0.06098). F =0.06098).

the heating source at steady state conditions. This is becauséemperature of both domains and the duration of the heating
the thin slab is perfectly thermally insulated from both sides source. Again, this is due to the fact that the total amount of
and all of the evolved energy will be stored as a sensible heatenergy evolved within the slab is linearly proportionakhtp
within the slab and will raise the slab temperature in a linear and it is given as),U;. The same observation regarding the
manner. slight decrease in the matrix temperature and the significant
Figs. 6 and 7 show the effect of the heating source increase in insert temperature appears also in Figs. 6 and 7
duration on the transient thermal response of both domains.and this is discussed earlier.
As the duration of the unit-step heating soungelecreases, Figs. 8 and 9 show the effect of the volume fraction on the
the rise in the matrix temperature becomes sharper and theransient thermal response of both domains. Increasing the
temperature level decreases. This decrease in temperatureolume fraction of the insert causes a significant reduction in
level is attributed to the decrease in the total amount of the matrix temperature. As mentioned previously, the insert
energy evolved from the heating source as a result of thedoes not contain any heating source and it gains its energy
decrease in its duration. The same observation is true infrom the matrix. The total thermal capacity of the insert
the case of the insert as clear from Fig. 7. In the steady increases as its volume fraationcreases and as a result,
state limit, a linear proportionality is observed between the more energy is lost from the matrix to the insert. On the other
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Fig. 9. Variations of the dimensionless temperature in the insert with dimen- time for different values of” (¢ = 0.1, Uy = 4,1, = 0.1, E = 0.0028785).
sionless time for different values ef(U; = 4, n, = 0.1, E = 0.0028785,

' =0.06098). tions and shown previously by Figs. 4-9. Three main factors

discussed earlier explain the general behavior in these fig-

hand, the energy gained by the insert is not able to cause aures. First, the assumption that the dominant temperature of
significant increase in its temperature due to the increase inthe plate is taken as that of the matrix. Second, as shown by
its total thermal capacity. Eq. (26), the thermal stress in the plate is compressive. Fi-

Figs. 10 and 11 show the effect of the dimensionless pa- nally, and also as shown by Eq. (26), the (compressive) ther-
rametersE andF on the transient response of both domains. mal stress behavior is the same as that of the dimensionless
The parameterg and F represent a sort of dimensionless temperature of the matrix. Therefore, Figs. 12—14 represent
convective heat transfer coefént. Increasing these two pa- the negative image of Figs. 4, 6, and 8. Based on this, the
rameters improves the heat transfer from the matrix to the previous discussion regarding the temperature of the matrix
insert and as a result the deviation between both tempera-explains the behavior of the thermal stress in Figs. 12-14.
tures decreases. This is obvious from the predictions of the In Fig. 12, it can be concluded that increasing the
two figures and may be concluded from the governing equa- intensity of the heating source increases the compressive
tions as well. thermal stress and brings the situation closer to a failure

Figs. 12-14 show the transient variations of the dimen- possibility. Same situation arises in Fig. 13 with the increase
sionless thermal stress within the plate with dimensionless of the unit step heating source duration. Although the effect
time for the same parameters used in the temperature variaof the insert volume fraction is seen to be less pronounced
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on the thermal stress (Fig. 14), it is clear however that as
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Fig. 14. Variations of the dimensionless stress with dimensionless time for
different values ot (U} = 4,1, =0.1, E = 0.0028785,F = 0.06098).

the transverse direction. In fact, and due to the nature of the
heating source, we are considering all the plate to be lumped
spatially in all directions. The only variation in temperature
is due to transient effects.

The temperature of the matrix is the dominant and
this temperature is used to evaluate the thermal stresses
generated within the plate. The effects of the heating source
intensity and time duration, the insert volume fraction and
the convection coefficients on the temperatures and thermal
stresses are investigated and presented.

It is found that the resulting thermal stresses are com-
pressive and follow the behavior of the temperature. The ef-
fects of increasing the heating source intensity and time du-
ration are found to have a pronounced effect on the thermal
stresses.
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